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Calculation of longitudinal shear dispersivity using
an N-zone model as N—- «©

By S. C. CHIK WENDU}
Applied Mathematics Program, University of Washington, Seattle, Washington

(Received 15 March 1985 and in revised form 31 October 1985)

A new method is presented for deriving an integral expression for calculating the
large-time longitudinal shear dispersivity in laminar or turbulent two-dimensional
channel flow or tube flow.

1. Introduction

There are basically four analytical methods of deriving a formula for the longitudinal
dispersivity of contaminants in shear flows. The first was presented by Taylor (1953,
1954) in his pioneering work on dispersion in laminar or turbulent flows in tubes.
Taylor’s method was applied by Elder (1959) to turbulent open channel flow
and has been extended to three-dimensional flows (Fischer et al. 1979; Chatwin &
Sullivan 1982). The second method is the concentration-moment method which was
developed by Aris (1956) and has been generalized by Brenner (1980). In the third
method (Gill & Sankarasubramanian 1970) the dispersivity is obtained as a function
of time. This method has also been extended to three-dimensional flows (Doshi, Daiya
& Gill 1978), and has been modified by Maron (1978) and Smith (1981). The fourth
approach is the probabilistic formulation of the turbulent dispersion problem which
was given by Batchelor, Binnie & Phillips (1955) and has been further validated by
Lumley (1972). This probabilistic approach has also been used in some laminar flows
(Jimenez & Sullivan 1984).

The aim of this paper is to present a different method of deriving a formula for
calculating the longitudinal dispersivity of contaminants in laminar or turbulent
two-dimensional channel flow or tube flow. This is a method of zones in which the
flow is divided into N zones of parallel flow, each of which is considered to be well
mixed. A dispersion equation is obtained in each zone and cross-stream mixing
between the zones is taken into account, leading to a system of N coupled dispersion
equations. The exact longitudinal dispersivity at large times is calculated for the
N-zone model and in the limit as N tends to infinity an integral expression is obtained
for the dispersivity. This integral expression is in agreement with the formulas of
Taylor and Aris and is an exact large-time analytical result.

The governing advective—diffusion equation for contaminant dispersion in two-
dimensional open-channel flow of depth & is

c 0% ¢ 0 0c

5 = D) S ot (D)) (1.1)
where ¢ is contaminant concentration, u(y) is the cross-sectional velocity distribution,
z is longitudinal distance down the channel, y is vertical distance downward from
the maximum velocity surface, D, and D, are the diffusivities (laminar or turbulent)
in the z- and y-directions respectively.

+ Now at the State University of New York, College at New Paltz, New Paltz, New York 12561.
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Fi6URE 1. Open-channel flow showing fast and slow zones.

The starting point of the method of zones is the slow-zone model (Thacker 1976;
Smith 1982; Chikwendu & Ojiakor 1985) in which the flow is divided into two zones.
In the slow-zone model (see figure 1) the flow is divided into a fast zone of thickness
h, near the middle and a slow zone of thickness A, near the wall. Each zone is assumed
to be well mixed, with contaminant concentrations (¢, and ¢,), flow velocities (u, and
u,), diffusivities (D,, and D_,) in the fast and slow zones respectively, and a mixing
coefficient b between the zones. The resulting coupled dispersion equations are

0,6, =D,,0%¢c,—u,0,¢c,+bf (c,—¢,) (1.2a)
0,¢, = D,y u2alc2+b,6’.‘,(cl—c2 , (1.2b)

where 8, = h/h, = qi*; B, = h/h, = 3.

Chikwendu (1986b) solved this system exactly and found that at large times the
contaminant concentrations approached a Gaussian with a peak travelling at the
mean velocity # and with dispersivity given by

D(2) = (¢, 92)%(wy —u,)?

b +q, D+ ¢, Dy, (1.3)

where ¢, and g, were the fractional thicknesses of the fast and slow zones respectively.

In this paper an exact integral expression is obtained for the dispersivity by
extrapolating (1.3) to N zones and then taking the limit as N —co0. In this limit the
discrete N-zone model becomes an exact continuum model. The resulting formula
emphasizes the importance in dispersion of the velocity differences (shear) between
the fast and slow regions of the flow. We begin with a three-zone model.

2. Three-zone model for two-dimensional channel flow

We consider steady laminar or turbulent two-dimensional flow of depth A in an
open channel and for the purpose of analysis we regard the flow as being discretized
into three layers (figure 2) with thicknesses hy, k,, h;, concentrations c,, c,, c;,

velocities u,, u,, u,, and diffusivities D, D,,, D,, respectively. Let the contaminant

mass flux between zone 1 and zone 2 be given by

M, =d,,(c,—c,), (2.1a)
while the contaminant mass flux between zone 2 and zonc 3 is

My = dyg(c3—c,). (2.1b)

Then the governing advective-diffusion equations are

d
0, = Dzla?tcl_ulazcl+h_l2(c2—cl)’ (2.2a)
1
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Freure 2. Three-zone model for open-channel flow.
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Ficure 3. Concentration profile and mean gradients in the three-zone model.

d d
0;¢a = Dy 2c,—u, a,c2+h—”(c,—c2)+f(c3—c2), (2.2b)
2 2

A

hB

By Fick’s law, the contaminant mass flux across any horizontal layer is given by

0,¢3 = D ;0% cy—uz0,c3+=(c,—C5). (2.2¢)

dc
Flux = —Dy(y)@. (2.3)
Thus the mass flux between zones 1 and 2 can be approximated using
~ (e, —¢5)
M, = D””%(hl+h2)’ (2.4)

where D,,, is the average vertical diffusivity between zones 1 and 2 and we have used
the mean concentration gradient, which is shown in figure 3 as a dotted line from
the midpoint of zone 1 to the midpoint of zone 2. By comparing (2.1a) and (2.4) we
can calculate d,,. Similarly, we can calculate d,,, and using these results in (2.2) we
find that the governing coupled dispersion equations for the three-zone model are

0,¢, =D, 0%¢c,—u,0,¢,+by,f,(c;—¢c,), (2.5a)
0y €y = Dy 05 €3 — 1,8, 05+ by, By(C; — €5) + bay Br(c3—C,), (2.5b)
0y63 = D303 ¢3—u3 0y €3+ byy fy(c2—C4), (2.5¢)

where b

ﬂjzi—_‘qj_l (.7.=1’2a3)’
]
y 2 y
by, = 22D 2 by =3 Dyzs ) (.6)
P?(g,+4,) h?(g,+qs)
1 tq:+g; =1,

and D, is the average vertical diffusivity between zones 2 and 3.
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By Fourier transformation using

FyA, t)=r_° ez, tydz (j=1,2,3) 2.7)

(2.5) can be written as a system of ordinary differential equations

O, F, =—m(A) F+b,8, F, (2.8a)
O Fy = —my(A) Fo+ b, By Fy +by3 85 Fy, (2.8b)
0, Fy = —my(A) Fy+b,, 8, F,, (2.8¢)
where

m,(A) = A2D,, —idu, + b, 8,, (2.90a)
My(A) = A2D 5 —iAuy + (byy +bys) B, (2.99)
my(A) = A2D; —iAuy + b,y f;. (2.9¢)

Assuming solutions of exponential form
FAt)=PQ)e* (j=1,2,3) (2.10)

we find that the characteristic equation for the system (2.8) is
Y+ (my+my+my) Y2+ (mymy+my my+mym, — b, B, B, — b33 B, B3) ¥
+my my my— b3, By Bymy— b33 B, fym, = 0. (2.11)

This cubic equation for y(A) is not easily solved and the resulting Fourier inversion
integrals would be very difficult to evaluate. We can, however, determine the
behaviour of the solution at large times from the behaviour of the Fourier transform
when A is small (see Chikwendu 19865). Thus for small A (large ) we neglect higher
powers of A and write .

¥(A) ~ B, +iAB,— A?B,, (2.12)

where B,, B, and B, are constants. The Fourier inverse of (2.10) at large times is then

F0) [~ ; 2
iz, t) ~ o exp[B,t—iA(x—B,t)—A%B,t]dA
—
B BN L2
(dn B, tp 4B,t

To calculate B,, B, and B, we substitute (2.12) in (2.11) and equate the coefficients
of A™ to zero for n = 0, 1, 2, and we find that B, must satisfy

+B,,t]. (2.13)

B3+a,Bi+a,B, =0, (2.14)
where
ay = byp(By+ By) + bys(Bo+ B, (2.154a)
Ay = b13by3(B1 Ba+ Ba Bs+ B3 1) = b12 o3 B B2 Bs- (2.15b)
Thus the three solutions for B, are
B, =0, (2.16a)
(Bog, Byg) = —1a, ié(af—4a2)%. (2.16b)

Both By, and B, are real and negative and in (2.13) would lead to exponential decay
with time. We therefore require that B, =0 in order to obtain the dominant
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behaviour of the contaminant concentration at large times, and we find, after some
algebraic labour, that

B, =q u +quy+qzuy = @, (2.17a)
2 + 2 + 2 .92
B, = %(q?) qs) (2, — thgg) + (% sz) 43 (yg—t1g)2+q, Dy + 4y Dy + 45 Dogy (2.17h)
12 23

where u,, = (g, 4, +q,4,)/(q, +¢,) is the mean velocity in zones 1 and 2 combined,
and wu,, = (g, %, +q5 %)/ (¢, +¢,) is the mean velocity in zones 2 and 3 combined.

It is clear from (2.13) that B, is the longitudinal dispersivity at large times and
the contaminant concentrations approach the Gaussian

x—ut)?
4Dt

¢)(@, t) ~ co(4n Dty exp[—( ] (j=1,2,3), (2.18)

where ¢, depends on the initial contaminant mass discharged into the flow and the
longitudinal dispersivity is given in (2.17bd), i.e.

quZj'

D(3) = é (Q1+Qz+---+%)2 [1—(i+g+---+g) [u12...]'_u(j+1)...3]2+ %
(2.19)

i=1 bJ(.1+1) b

3. N-zone model and the dispersivity in the limit as N> o

If the two-dimensional open channel flow is divided into N zones of parallel flow
with thicknesses /;, contaminant concentrations c;, average velocities u, and average
longitudinal diffusivities D, respectively, in each well mixed zone (with
j=1,2, ..., N), then the N coupled dispersion equations are

0p¢, = Dy 08¢, —u, 0, ¢,+ by, By(c,—0¢y), (3.1a)
atc.‘, = D:cj aiCj_ujaij+bU_l)jﬂj(Cj_l_Cj)+bjU+l) ﬂj(c.1+1_c.1) (j = 2, 3, ceay N_ 1)
(3.1b)
Ocy = Doy 0icy—un0cn+by_yynAnlcn_1—Cn) (3.1¢)
| |
where Bi=+=— G=1,2,...,N), (3.2a)
by g
bpey = —22u0m (=12, .. N—1) (3.2b)
J(G+1) hz(qj+qj+1) > ’ > ’ .

and D, ,,,, is the average vertical diffusivity between zones j and (j+1). The zonal
longitudinal diffusivities D, are calculated in the Appendix.

In principle the system (3.1) can be analysed using the same approach as was used
in the 3-zone case, i.e. Fourier transformation, the use of a large-time exponent y(A)
given by (2.12), and hence the calculation of D(N). However, we can simply reason
by induction from the 3-zone case, (2.19), that at large times the contaminant

concentrations will be Gaussian (2.18) and the longitudinal dispersivity will be given
by
N-1
D(N) = L2 @t et A - @t gt 4

1

N
X [U1a ;= Ugany. N2/ DiG4n) +j}_:1 q; D,y (3.3)
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where

j j
Uyp j= (k}gl q% uk>/(k2 qk> = mean velocity in the first j zones, (3.4a)

=1

N N
Ujer). N = ( Y ¢ uk>/( 3 qk> = mean velocity in the last (¥ —j) zones.
k=j+1 k=j+1
(3.4b)

3.1. The limit as N— o0

As the number of zones tends to infinity the zone thicknesses become infinitesimal
and our sums become integrals. If ¢ = y/k represents dimensionless depth in the flow,
then as N - o0,

q
QJQAq; q1+Q2---qj*J0dq=q, (3.5a)
Dyg). & !
bigry > Tins = 4Dy~ | D) dg, (3.5b)
h*Aq” 7, 0

11e
ulz”_j—>—J1 u(q’)dg’ = us(q) = average velocity in the faster layer of a
770 two-layer model in which the fractional
thicknesses are ¢ and (1 —g), (3.5¢)

l 1
u(jﬂ)mN—»(—qu—)I u(q’)dq’ = uy(q) = average velocity in the slower layer of a
q

two-layer model in which the fractional
thicknesses are ¢ and (1—gq). (3.5d)

Thus in the limit as N oo the longitudinal dispersivity at large times is given by
) \ 142(1—q)2 . 1
D(w) = lim D) = & | T Lo jutg) —u@Pdg+| Dilg)dg.  (3.6)
N> o Dyl@) 0

It may be noted that the N-zone model is an approximation of the actual physical
situation, but in the limit as N — o0 the model becomes exact.

3.2. Plane Poiseuille flow
For laminar flow between parallel plates with separation 2k the velocity profile is
u(g) = ja(l—g*), (3.7)

and from (3.5¢, d) the fast- and slow-zone average velocities are
2
@ =1(1-L), i =fat-g @+9. (3.8a, b

Thediffusivitiesare D,(q) = D,(q) = k, themoleculardiffusivity. Usingthese velocities
in (3.6), we find that
_ 2Rh%i?

D(0) = Tose +

k, (3.9)

which is the result obtained by using Taylor’s (1953) method.
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3.3. Turbulent open-channel flow
For turbulent channel flow we can use the logarithmic velocity profile

u(g) = a+“—K*-[1 +log (1 —q)], (3.10)

where u,, is the friction velocity and « is the von Karman constant. The fast- and
slow-zone average velocities are

_ (1—q)u _u
wlg) = i~CD 0 og (1-q), ug) = a+%2log(1—9).  @.11ab)

and the diffusivity is (Elder 1959)

D,(q) = D,(q) = hku, q(1—q). (3.12)
Thus, from (3.6),

_

f q) [log (1 —q)* dg + i«hu,
0 4041

huy + chu,, (3.13)

again the same as Elder’s result.

4. Pipe flow

In the case of contaminant dispersion in laminar or turbulent flow in a circular pipe
of radius a the flow can be discretized into N zones of parallel flow, where the jth
zone is the annular region between concentric circles of radii r,_, and
rG=1,2, ..., N), with ry =0 and ry = a, as in figure 4.

If A4 is the pipe cross-sectional area and A; the cross-sectional area of the jth zone,
then the fractional area of the jth zone is

A 2—r} 1
A
YTAT @ B (@.1)

We can define
P = -2 = dimensionless radius of the jth circle,

W, = p;—p;_, = dimensionless radial width of the jth zone.

Then,
q; = Wy(p;+p;-,)- 4.2)

The mass flux between zone j and zone (j+ 1) can be written as

M1y = djgany (€101 — ),

and the contact length between these two zones is

Lj = 27["‘1 .
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FiaURE 4. Pipe cross-section showing the jth zone.

Thus the coupled advective—diffusion equations are

L. d
0,¢, =D, 0% ¢, —u, 0, ¢,+ 14 2 (¢c,—¢,), (4.3a)
1

L, d;_.; L.d

(=23, .., N—1) (4.3b)

Ly_,d
ey =Dy 0cy—uy0O e+ N'lA N-DN (cy_1—Cn)- (4.3¢c)
N

By Fick’s law the mass flux is given by

2D (Cip1—C5)
Mi1n = —jgan (G0 =€) B — (';4%:1_);4;; :) Pt (4.4)

where D, ;.1 is the average radial diffusivity between zones j and (j+ 1), and we have
used the average concentration gradient between these zones.

We can calculate d,;,,, from (4.4) and use this in (4.3). Tt is thus found that the
N coupled dispersion equations are again given by (3.1), where in this case the g, are
defined in (4.1) and

_ 4pz Drjgj+1) . _
;1) W, W) @@ g=12,...,N-1). (4.5)

The dispersivity at large times is again given by (3.3), (3.4) with ¢; as defined in (4.2).
Since ¢, +¢,+ ... +¢; = p}, this dispersivity can be written as

N—14(1 — p2)2 . 2 N
D(N) — 2 pj( pj) [1;12...] u(]+1)...N] + Z quxj‘ (46)
j=1 jG+1) j=1
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4.1. The limit N> oo

For pipe flow, as N> oo we again go for the discrete model to the continuum limit,
and if p = r/a, then

W, =p;—p),>Ap, p;= E erdp P, (4.7a, b)
20D

q; = Wy(p;+ p;—1) > 2pAp, kz-:lqk =p}>p?, by_ ;> Z(’lerg’), (4.7¢,d, e)

1 J 1,
Ui g =5 = G uk—>—2J. 2p"u(p’) = w(p), 4.7f)

Pj k-1 P Jo
1 N l' 1 7 ’ ’
Ugen. N =T 3 & G>7 3| 2pu(@)dp’ = uy(p). (4.79)
1 Dj k=341 1—p P

Thus, from (4.6) and (4.7) the large-time dispersivity in laminar or turbulent pipe
flow is found to be

D(@) = lim D) =a* || [2pD, ()4 (1~ ") [up)— )P dp+ [ 26D,(0)dp.

N>
(4.8)
4.2. Poiseutlle pipe flow
For laminar pipe flow the velocity profile is
u(p) = 2u(1—p?), (4.9)
and the average fast- and slow-zone velocities are respectively
u(p) = W2 —p), us(p)=u(l—p). (4.10a, b)

Thus, u,(p)—ug(p) = %, and since D, (p) = D,(p) = k, the molecular diffusivity, the
large-time dispersivity is, from (4.8),

a*u? 1

D) = 553 [ P —prap+i

2m
- Z_;ﬁk’ (4.11)

which is Taylor’s result.

5. Conclusion

The expressions (3.6) and (4.8) derived in this paper for the large-time longitudinal
dispersivity in shear flows emphasize the significance of the velocity differences
between the fast and slow regions of the flow, i.e. u;—ug. In fact the overall shear
dispersivity is the integral sum of the dispersivities obtained from all possible choices
of fast- and slow-zone thicknesses.

However, these formulae can also be expressed in terms of the velocity deviation
from the mean, i.e. 4’ = u—, in the manner of Taylor. Thus using (3.5¢, d) we can
write

q
d1=0) )~ (@] = [ (@) da., (5.1)

where w(q) = ulgq)—u.
2 FLM 167
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Similarly, using (4.7f, g), we can write

4
P — ) [4y(D) — ug(p)] = f 29w (p) dp'. 5.2)

Thus from (3.6) and (4.8) the large-time shear dispersivity in channel and pipe flow
respectively can be expressed as
1 q 2 1
D)=t D) [wigrar | g+ Darda .30

1 i 2 1
and Do) =t 0 [2pD,<p>r1U0 2o dp [ dp+ | pD,p)dp, (5:3b)

These equations are in the form of Elder’s (1959) formula, and are of course
completely equivalent to the result of Aris (1956, equation 40).

Finally, it may be noted that the zonal approach presented in this paper may be
useful in the study of other dispersion problems and other transport phenomena.

This work was supported in part by the National Science Foundation (U.8.A.)
under Grant No. DMS-8306592-01.

Appendix. Two-stage description and the calculation of the zonal
longitudinal diffusivities D,

In order to calculate the zonal longitudinal diffusivities D,;, which appear in (3.1),
we regard the dispersion process as if it takes place in two stages following contaminant
discharge into the flow.

In the first stage the contaminant mass in each zone disperses exclusively in that
zone with no contaminant-mass exchange between the zones. After some time the
Taylor asymptotic dispersion stage would be reached in each zone and the governing
advective—diffusion equations would be separate one-dimensional dispersion equations
in each zone, that is,

0,6y = Dy 0% c;—uy0,¢; (3=1,2,...,N). (A1)

Thus D,; is defined as the Taylor longitudinal dispersivity that would be obtained
in the jth zone if there were no contaminant mixing between the zones. The solution
of (A 1) would lead to N separate Gaussian clouds moving downstream.

In the second stage of the dispersion process contaminant-mass exchange takes place
between the zones. This exchange is modelled in §3 of this paper and leads to (3.1).
Thus at large times a single Gaussian cloud is obtained.

It should be pointed out that the two-stage description given here is an extension
of Sullivan’s (1971) three-stage description of turbulent dispersion. Of course in
turbulent flow there is a third stage in which contaminant mixing takes place
between the mainstream and the viscous sublayer, but in laminar dispersion the final
asymptotic dispersion state is reached in the second stage and there is no third stage
{see Chikwendu 1986a).

Zonal longitudinal diffusivities D ,; in plane Poiseuille flow

For laminar flow of depth %, consider the jth zone whose dimensionless thickness is
q; = hj/hand whichliesinthelayer ¥; < ¢ < Y;+g¢;, whereq = y/histhe dimensionless
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vertical distance downward from the maximum velocity surface of the flow and

The mean velocity in this zone is thus

1 (Yitey _ R
U =— u(g)dg = fu(1—Y;q,— Yi—34}), (A2)
45 Y;
where u(q) is given in (3.7).
We define
z= —Y_ depth measured from the upper surface of the jth
% zone, divided by the zonal thickness. (A 3)

If the jth zone were divided into two layers as follows,

(i) a faster layer in which Y, < ¢ < ¥;+2q; (thickness z¢;) with 0 <z <1,

(ii) a slower layer in which Y;+2q; < ¢ < Y;+¢; (thickness ¢,—2q;),
then, by applying (A 2) we find that the mean velocities in these two layers would
be, respectively,

ugy = [l — Y;(2q;) — Y7 —3(2q,)%] (A 4a)
ug; = Jul1— (Y +2q)) (g —29y) — (¥;+24;)* —3(q;—29;)*]. (A 4b)
Thus, from (3.6), the Taylor dispersivity in the jth zone is given by

1,2 1
Dy = (g | 1 =29 (o) o) da+ [ (A5)

By using (A 4) in (A 5) and integrating, it is found that in laminar two-dimensional
flow, the longitudinal diffusivity in the jth zone is given by

mhz_a_ 413V 54 2 o6
ij=_]C_(40Y?qj+4oyj%+1oa%)+k- (A 6)

It may be noted that as the number of zones tends to infinity the zonal thicknesses
q; approach zero and D,; approaches k, the molecular diffusivity.
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